We consider the effect of coupling between phonons and a chiral Majorana edge in a gapped chiral spin liquid with Ising anyons (e.g., Kitaev's non-abelian spin liquid on the honeycomb lattice). This is especially important in the regime in which the longitudinal bulk heat conductivity κxx due to phonons is much larger than the expected quantized thermal Hall conductance κ q xy = πT 12 k 2 B of the ideal isolated edge mode, so that the thermal Hall angle, i.e., the angle between the thermal current and the temperature gradient, is small. By modeling the interaction between a Majorana edge and bulk phonons, we show that the exchange of energy between the two subsystems leads to a transverse component of the bulk current and thereby an effective Hall conductivity. Remarkably, the latter is equal to the quantized value when the edge and bulk can thermalize, which occurs for a Hall bar of length L , where is a thermalization length. We obtain ∼ T −5 for a model of the Majorana-phonon coupling. We also find that the quality of the quantization depends on the means of measuring the temperature and, surprisingly, a more robust quantization is obtained when the lattice, not the spin, temperature is measured. We present general hydrodynamic equations for the system, detailed results for the temperature and current profiles, and an estimate for the coupling strength and its temperature dependence based on a microscopic model Hamiltonian. Our results may explain recent experiments observing a quantized thermal Hall conductivity in the regime of small Hall angle, κxy/κxx ∼ 10 −3 , in α-RuCl3.
Non-abelian statistics is a deep generalization of quantum statistics in two dimensions, in which the final state depends upon the order in which exchanges of particlesnon-abelian anyons -are performed [1] [2] [3] . In addition to its fundamental interest, this provides a powerful paradigm for quantum computing, allowing for fault-tolerant processes [4, 5] . The main platforms in which non-abelian topological phases have been sought are the ν = 5/2 Fractional Quantum Hall Effect (FQHE) [1, 2] , where non-abelian anyons are suspected but have not been confirmed, and hybrid semiconductor-superconductor structures, to which quantum computing groups are devoting massive efforts [6] , but where confirmation is still awaited. In either case, a successful realization will require milliKelvin temperatures.
A third possible route to non-abelian anyons is via a quantum spin liquid [7] . In his seminal work [8] , Kitaev presented a spin-1/2 model on a honeycomb lattice with bond-dependent anisotropy which, in a magnetic field, realizes a non-abelian topological phase. This phase hosts Ising anyons, topologically the same anyon type which is targeted by the hybrid efforts. A key and general characteristic of a topological phase is the chiral central charge c, which characterizes its gapless edge modes. It is directly measurable as a quantized thermal Hall conductivity, κ q xy = πcT /6 ( = k B = 1). A non-integer value is a unambiguous indicator of a non-abelian phase, and c = 1/2 for Ising anyons.
Stimulated by the recognition that Kitaev's anisotropic interactions arise naturally in certain strongly spin-orbit coupled Mott insulators [9, 10] , mounting efforts have targeted such systems in the laboratory. There is now substantial evidence that Kitaev interactions are substantial in several 2d honeycomb lattice materials [11] : α-Na 2 IrO 3 [12] , α-Li 2 IrO 3 [13] , and α-RuCl 3 [14] . While it is clear that none of these materials are exactly described by Kitaev's model, the beauty of a topological phase is its robustness: once obtained, it is stable to an arbitrary weak perturbation and its essential properties are completely independent of the details of the Hamiltonian. A very recent experiment [15] presents observations of an apparent plateau with a quantized thermal Hall conductivity with c = 1/2 in α-RuCl 3 in an applied field of 9-10T, at temperatures of 3-5K. If confirmed, it could be a revolutionary discovery not only in the non-abelian context, but also as the first truly unambiguous signature of a quantum spin liquid phase in experiment. Furthermore, such a realization could leapfrog all the massive efforts in other systems, and is particularly striking given that the observations occur at temperatures hundreds of times larger than in hybrid experiments [6] .
The α-RuCl 3 experiments do, however, present at least one major puzzle. The thermal Hall angle θ H = tan −1 (κ xy /κ xx ) = 10 −3 is small, i.e. κ xx κ xy . This is incompatible with conduction solely through a Majorana edge mode. Indeed, in two dimensional electron gases, a quantized Hall effect is only observed when the Hall angle is large. This raises the fundamental question of whether the thermal Hall effect is different: is quantization even expected and possible at small Hall angle? We consider here a universal effective model for an Ising anyon phase, in which the chiral Majorana edge state is augmented by acoustic bulk phonons, which can provide a diagonal bulk thermal conductivity. Remarkably, we find that not only does the quantized thermal Hall effect persist in the presence of the phonons, but it relies upon them. The ultimate view of the quantized transport is distinctly different from the usual isolated edge state picture, and we predict notable experimental consequences of the mixing of edge and bulk heat propagation. Our considerations are quite general and we expect similar physics applies to thermal transport arXiv:1805.10532v1 [cond-mat.str-el] 26 May 2018
Dimensions L and W of our rectangular system consisting of a bulk (gray shade) and an edge (thick black line); the arrows along the edge indicate the direction of the "clockwise" energy current associated with the chiral Majorana mode.
in other systems with edge modes, such as topological superconductors and quantum Hall systems. We formulate the problem in terms of hydrodynamic equations describing the energy transport. Spin-lattice coupling is taken into account through an energy current between the Majorana edge mode and the bulk phonons as
with the signs indicating upper and lower edges. Here λ is a phenomenological parameter characterizing the (linearized) thermal coupling between the phonons and the Majorana mode. In general λ(T ) ∝ T α due to phase space constraints, as we obtain from the Boltzmann equation below. We find that the temperature gradient of the bulk phonons develops a transverse component due to spin-lattice coupling, which can be interpreted experimentally as an effective thermal Hall conductivity. We distinguish the effective value determined from measuring the phonon temperature, κ ph xy , and one determined from the Majorana fermion (spin) temperature, κ f xy . When the thermal coupling is sufficiently strong, κ ph xy is quantized and its value corresponds to that of a single Majorana edge mode: κ ph xy = κ q xy = (π/12)T . Conversely, in the weak-coupling limit, the Majoranas and the phonons fail to equilibrate and thus the quantization breaks down.
Hydrodynamic equations.-We introduce a set of hydrodynamic equations involving low-energy (acoustic) phonons in the bulk, a chiral Majorana edge mode, and an appropriate thermal coupling between them. We assume our (twodimensional) system to be a rectangular slab of width W and length L W (see Fig. 1 ) and linearize our equations around an overall temperature T 0 , writing the bulk phonon temperature as T 0 + T (x, y) and the edge Majorana temperature as T 0 +T (x, y) with T (x, y),T (x, y) T 0 . For such temperature variations T andT , there is a bulk energy-current density j = −κ xx ∇T and a "clockwise" energy current J = J 0 + κ q xyT along the edge, where κ xx is the longitudinal thermal Hall conductivity associated with the phonons. In a steady state, ∇ · j = 0 in the bulk leads to Laplace's equation ∇ 2 T = 0, while energy conservation at the edge gives rise to appropriate boundary conditions. Indeed, at the top and bottom edges (y = ±W/2), the total energy of the phonons and the Majorana mode is conserved, and continuity yields
(2) At the left and right edges (x = ±L/2), we assume that the system is coupled to thermal leads and that the phonons have fixed temperatures corresponding to a thermal gradient ∇ x T = −Λ. The boundary conditions are then
Importantly, the Majorana mode does not directly couple to the leads but couples to the phonons in the same way as at the top and bottom edges. Note also that T (x, y) = −T (−x, −y) andT (x, y) = −T (−x, −y) generally follow from the symmetries of the hydrodynamic equations. Quantization in the infinitely long limit.-For simplicity, we first solve our hydrodynamic equations in the limit of an infinitely long system (L → ∞) where the boundary conditions in Eq. (3) can be ignored. Note that, even for finite systems with L W , this infinitely long limit is expected to be relevant far away from the left and right edges.
Since there is translation symmetry in the x direction, up to a uniform temperature gradient −Λ, the phonon and Majorana temperatures must take the forms T (x, y) = −Λx +T (y) andT (x, ±W/2) = −Λx ± Θ 0 , while Laplace's equation ∇ 2 T = 0 immediately implies thatT (y) = Γy must be a linear function of y. Substituting into Eq. (2) then gives
which in turn implies ∇ y T = Γ = (κ q xy /κ xx )Λ. From a purely phenomenological perspective, such a transverse temperature gradient ∇ y T can be interpreted in terms of an effective bulk thermal Hall conductivity κ ph xy on top of the longitudinal thermal conductivity κ xx . Indeed, by demanding that there is no effective energy current in the transverse direction, j y = −κ ph xy ∇ x T − κ xx ∇ y T = 0, this effective thermal Hall conductivity is readily found to take its quantized value:
Importantly, however, this effective thermal Hall conductivity is only found to be quantized if the transverse temperature gradient is obtained from the phonon temperatures at the top and bottom edges. In contrast, if it is obtained from the corresponding Majorana temperatures, the transverse temperature gradient is identified as 2Θ 0 /W and thus, from Eq. (4), the effective thermal Hall conductivity is found to be
Note that κ f xy ≈ κ ph xy only for a large enough phononMajorana coupling λ κ xx /W . General conditions for quantization.-To understand how the quantization of the effective thermal Hall conductivity can break down and determine the range of its applicability, we now extend the solution of our hydrodynamic equations to a finite system with L W , where we must take into account all boundary conditions in Eqs. (2) and (3).
Considering a small enough phonon-Majorana coupling λ, we aim to obtain a perturbative solution of the hydrodynamic equations. To this end, we write the temperature variations in series expansions as T =
and assume that terms of increasing order n are progressively less important. Starting from the λ = 0 solution, T (0) = −Λx andT (0) = 0, the temperature variations can then be found by an iterative procedure. At each iteration step n > 0, we first solve the ordinary differential equations [see Eqs. (2) and (3)]
for the Majorana temperatureT (n) along the edge. Then, using this solution, we obtain an appropriate Laplace equation ∇ 2 T (n) = 0 for the phonon temperature T (n) in the bulk, along with Dirichlet boundary conditions T (n) (±L/2, y) = 0 at the left and right edges, and Neumann boundary conditions
at the top and bottom edges. It is well known that such a Laplace equation with mixed Dirichlet and Neumann boundary conditions has a unique solution that can be obtained by standard methods. After each iteration step n, the only error in the temperature corrections T (n) andT (n) is due to the absence of T (n) on the right-hand sides of Eqs. (7) and (8) . Indeed, including this term would precisely give rise to the next temperature corrections T (n+1) andT (n+1) . Nevertheless, it follows from Eq. (8) that successive temperature corrections T (n) are progressively less important and hence our perturbative solution is convergent whenever λ κ xx /W [16]. Assuming this condition, we perform the first iteration step (see Supplemental Material) to calculate the phonon temperature T (1) and obtain the effective thermal Hall conductivity in terms of the transverse temperature difference:
Note that κ ph xy (x) generally depends on the position x at which the temperatures are measured. Our result for κ ph xy (x) is plotted in Fig. 2 for various values of the aspect ratio L/W and the dimensionless phonon-Majorana coupling λL/κ q xy . We find that κ ph xy (x) only takes a quantized (or even constant) value if both parameters are large. First, an accurate measurement of the thermal Hall conductivity generally requires an elongated system with L W . Second, the system size L must 
In contrast to the first regime, where the effective thermal Hall conductivity is quantized, the one in the second regime is expected to have a strong dependence on x and to be smaller than κ
1. Estimation of the spin-lattice thermal coupling λ.-The basic assumption in solving the hydrodynamic equations is that the (linearized) energy current flowing transverse to the edge between the phonons and Majoranas can be expressed as in Eq. (1). We estimate λ below by calculating the rate of energy change of the phonon subsystem ∂E ph ∂t due to the spinlattice coupling, which is related to j y by energy conservation according to j y = − vanishes when the local temperatures of the phonon and Majorana subsystems are exactly the same, which explains the form in Eq. (1). By calculating j y directly and comparing to this form, we extract λ(T ) = λ 0 T α , i.e. the exponent α and the scale λ 0 .
We consider an effective phonon-Majorana coupling at the edge y = y 0 :
where η(x), u(x, y), ζ(x) are the Majorana edge mode, the lattice displacement field, and disorder potential, respectively. K ij ∂ i u j with i, j = x, y is some linear combination of the elastic tensor for the lattice displacement field. Were we to take ζ to be a constant, this would be the lowest order allowed coupling of the Majorana fermions to the phonons. However, a constant coupling leads to severe phase-space restrictions on scattering when the velocity of the acoustic phonon v ph is larger than that of the chiral Majorana edge mode v f , which is probably the physical regime. Hence we find that the disorder-induced coupling dominates. Physically, Eq. (11) may be understood from the observation that the lattice displacement modifies the velocity of the Majorana edge mode by affecting the strength of the Kitaev coupling. The above form can also be considered as an effective vertex constructed from the phonon-Majorana and disorder-Majorana scattering vertex. Using Eq. (11) and calculating the energy transfer rate using a Boltzmann equation, we obtain the large power α = 6. The reason for the large exponent is twofold. First, the dispersions of both bulk phonons and edge Majoranas are linear which reduces the low energy phase space. Second, the vertex necessarily involves one gradient because η(x)η(x) = δ(0) is a c-number for Majorana fermions, and another because the strain tensor involves a gradient. In passing, we note that without disorder, two-phonon processes are necessary to satisfy kinematic constraints, and one obtains an even larger α = 8.
To estimate the coefficient λ 0 , we further assume that the averaged disorder potential satisfies ζ(x)ζ(x ) dis = ζ 2 δ(x − x ), and consider an isotropic acoustic phonon mode only. From the Boltzmann equation solution (see Supplementary Material), we obtain
where ρ 0 is the mass density of the lattice. In the model we consider, f = 4.2 × 10 4 . Unfortunately, at this time an accurate quantitative estimate of λ for α-RuCl 3 is not possible due to the lack of knowledge of microscopic details of the spinlattice coupling, the Majorana edge mode velocity v f , and the disorder. However, crudely applying Eq. (12), we estimate the characteristic length = κ q xy /λ to be several orders of magnitude larger than the lattice spacing at temperatures of a few Kelvins. Importantly, due to the large exponent α, we expect that upon lowering the temperature of the sample, grows rapidly and the system should enter into the regime of L in Eq. (10), where the quantization of thermal Hall conductivity breaks down.
Summary and discussion.-By carefully analyzing the interplay between the chiral Majorana edge mode of an Ising anyon phase and the energy currents carried by bulk phonons, we have demonstrated that the thermal Hall conductivity of such a non-abelian topological phase can be effectively quantized in the presence of a much larger longitudinal thermal conductivity, which is in accordance with recent experiments on α-RuCl 3 [15] . However, this quantization only survives for a sufficiently strong spin-lattice coupling λ λ f ≡ κ q xy /L, while it immediately disappears in the weak-coupling regime of λ λ f (see Fig. 2 ). Importantly, since λ ∝ T α is strongly dependent on the temperature, with α ≥ 6 for the mechanisms considered in this work, we predict that the observed quantization of the thermal Hall conductivity should eventually break down as the temperature is lowered.
Even within the range of quantization (λ λ f ), we can distinguish two separate regimes, depending on how λ compares to λ ph ≡ κ xx /W λ f . In the strong-coupling regime of λ λ ph , the spins and the lattice share the same temperature, and the quantization of the thermal Hall conductivity may be understood by simply adding the diagonal κ xx of the phonons to the quantized κ q xy of the Majorana mode. Surprisingly, however, in the intermediate regime of λ f λ λ ph , the thermal Hall conductivity appears to be quantized despite a large temperature mismatch between the spins and the lattice, but only if it is obtained by measuring the lattice temperatures along the edge. If one could directly measure the local temperature of the Majorana edge mode, it would appear to give a much larger thermal Hall conductivity.
We also emphasize that our hydrodynamic equations are applicable far beyond the scope of the present work. On the one hand, by solving them, one can obtain a wide range of experimentally measurable quantities, such as detailed temperature profiles of various degrees of freedom (e.g., spins and lattice) across the system. On the other hand, due to their phenomenological nature, they should readily extend to a rich variety of chiral topological phases and thus may find applications far away from the field of quantum spin liquids. Here we work out the first iteration step of the perturbative solution described in the main text and use it to determine the effective thermal Hall conductivity κ ph xy (x) as a function of the longitudinal position x. At the first iteration step (n = 1), the ordinary differential equations for the Majorana temperatureT
(1) (x, y) in Eq. (6) of the main text are
where = κ q xy /λ is the characteristic thermalization length of the Majorana edge mode. Remembering that T (0) (x, y) = −Λx, the solutions of Eq. (13) at the left and top edges becomẽ
while those at the right and bottom edges are related by the symmetry constraintT 
at the top and bottom edges. It is well known that a Laplace's equation with such boundary conditions has a unique solution and, recalling the symmetry constraint T (1) (x, y) = −T (1) (−x, −y), we search for this solution in the general form
which automatically satisfies the Dirichlet boundary conditions. To find independent equations for the coefficients A m and B m , we take symmetric and antisymmetric combinations of the Neumann boundary conditions in Eq. (15):
From Eq. (17), the individual coefficients A m and B m in Eq. (16) are
where the Fourier integrals I m and J m take the forms
From Eqs. (16) and (18), the effective thermal Hall conductivity in Eq. (8) of the main text is then
In the limit of L W , we can expand the function tanh[(2m − 1)πW/2L] up to first order in W/L and use the completeness of the Fourier functions cos[(2m − 1)πx/L] to obtain a more tractable (but approximate) expression:
Moreover, we can simplify κ ph xy (x) even further by considering the two opposite limits L and L . In the limit of L , the second term in the curly brackets of Eq. (21) is negligible, and we find a constant thermal Hall conductivity:
Conversely, in the limit of L , we can expand the terms in the curly brackets of Eq. (21) up to second order in x/ and L/ (while neglecting W/ ) to obtain a strongly x-dependent thermal Hall conductivity:
Finally, we recover κ In this section, we start with deriving the linearized energy current between phonons and Majoranas using the Boltzmann equation formalism in Sec. A1. In Sec. A2, we justify that the Majorana-phonon-disorder vertex presented in Eq. 11 of the manuscript can be considered as an effective vertex from the microscopic Majorana-phonon and Majorana-disorder couplings.
A1: Collision integral
We consider non-interacting Majorana fermion field and phonon field as:
where u is the lattice displacement field in the continuous limit. The phonon field in the second quantized form is [17]:
c q e i q· x−iωqt + c † q e −i q· x+iωqt
Fourier transform the edge Majorana field η(x) and the disorder field ζ(x) as
where ω q = v ph q 2 x + q 2 y , the acoustic phonon velocity v ph = B/ρ 0 . Note that the relation η k = η † −k has not been explicitly applied, and the summation over k, k runs over both negative and positive momentum, but only the annihilation mode η k should be counted. We also cross-checked the calculation using another convention where η k = η † −k is imposed and only the modes with the positive k are counted.
The matrix element M ± of Majorana fermion scattering that creates/annihilates one phonon mode can be expressed as:
To obtain the collision rate of a phonon mode at momentum q due to the scattering with Majorana fermion, i.e.
∂g(q) ∂t coll , we approximate the distribution functions for the phonon and edge Majorana fermion as the thermal distribution of bosons and fermions respectively, with different local temperatures T 0 + T , T 0 +T . Such approximation should presumably be valid at the leading linear order in T −T as the deviation from thermal distribution should contribute at higher orders in T −T . We argue that the system reach local thermalization due to the phonon scattering within itself and phonon-Majorana fermion scattering. And as particle number for both are not conserved, the chemical potential µ ph , µ f = 0 even away from equilibrium. From the Fermi's golden rule, we have
where
The notation = k , = k , ω = ω q will be used in the following as long as there is no ambiguity. The reality of Majorana mode η(x) requires that η k = η † −k , thus k = − −k . From the first to the second line, we take k → −k, k → −k , i.e. → − , which is valid as the summation over k, k takes both positive and negative ranges in our convention. From the second to the last line in Eq. 29, we use the fact that
The total rate of energy change of phonons through the collision with edge Majorana fermions can be obtained as:
And the heat current from the phonon to the edge Majorana fermion is
To obtain ∂E ph ∂t at leading order in temperature difference T −T (i.e., leading order in δβ = β f − β b ), P(ω q , k , k ) Taylor expanded to δβ order is:
where the energy conservation = ω − has been applied. For simplicity, we consider isotropic lattice distortion, and take K ij = δ ij in Eq. 28, thus i,j K ijqiqj = 1. From Eq. 28,29,32, ∂E ph ∂t can be expressed as: . From the first to the last line, the summation over k has been performed from energy conservation δ(−ω q + k + k ), contributing to a factor Lx 2πv f . qx,qy,k in the continuous limit is
Eq. 33 becomes:
From Eq. 35, by counting the power of energy ω, , we can already see that the result should take the form of
where δβ/β 2 = T −T , f (x) in general depends on the ratio of v ph /v f , and is a dimensionless constant in this model 
The calculation of f is outlined below, where u = βω, v = β , and at low enough temperature, we take the integration range as Λβ, Λ β → ∞ . To simplify the integral, we note that the Boltzmann distribution term P(ω, , ω − ) is symmetric around = ω/2, so we change the variable as v − u/2 →ṽ. The integral measure and range remain unchanged, and the integrand in Eq. 37 becomes The integral overṽ can be straightforwardly performed using the integral (odd powers ofṽ in the numerator of the integrand vanishes): 
where ζ(m) is the Riemann zeta function.
